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It is shown theoretically that the renormalization of the electron energy spectrum of bilayer
graphene with a strong high-frequency electromagnetic field (dressing field) results in the Lifshitz
transition — the abrupt change in the topology of the Fermi surface near the band edge. This
effect substantially depends on the polarization of the field: The linearly polarized dressing field
induces the Lifshitz transition from the quadruply-connected Fermi surface to the doubly-connected
one, whereas the circularly polarized field induces the multicritical point, where the four different
Fermi topologies may coexist. As a consequence, the discussed phenomenon creates physical basis
to control the electronic properties of bilayer graphene with light.
I. INTRODUCTION
In the last decades, the achievements in the laser tech-
nology and microwave techniques have made possible the
control of various structures with a high-frequency elec-
tromagnetic field (dressing field), which is based on the
Floquet theory of periodically driven quantum systems
(Floquet engineering)1–4. As a consequence, the study of
condensed-matter structures strongly coupled to light has
become an excited field of modern physics with the ob-
jective to find unique exploitable features. Particularly,
electronic properties of various nanostructures coupled to
a dressing field — including quantum wells5–10, quantum
rings11–14, graphene15–23, topological insulators24–28, etc
— are currently in the focus of attention. Developing
this scientific trend in the present paper, we elaborated
the theory to control the topology of the Fermi surface
of bilayer graphene (BLG) with a dressing field.
BLG is the two-dimensional material consisting of two
graphene monolayers, which excite enormous interest of
the condensed-matter community during last years29,30.
In contrast to usual graphene monolayer with the linear
(Dirac) electron dispersion31,32, the characteristic elec-
tronic properties of BLG are the massive chiral elec-
trons and the so-called trigonal warping — the triangular
perturbation of the circular iso-energetic lines near the
band edge. As a consequence, the Fermi surface of BLG
near the band edge consists of several electron “pockets”
which are very sensitive to external impacts. Particu-
larly, the gate voltage or uniform mechanical stress cru-
cially changes the structure of the pockets. This results
in the Lifshitz phase transition — the abrupt change in
the topology of the Fermi surface33–36. Although a strong
electromagnetic field is actively studied in last years as a
tool to control electronic properties of BLG — to induce
the valley currents37,38, to create the Floquet topological
insulator39, to produce additional Dirac points40, etc —
the optical control of the Lifshitz transition in BLG still
await for consideration. The present paper is aimed to
fill partially this gap in the theory.
The paper is organized as follows. In Sec. II, we apply
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FIG. 1: (Color online) Sketch of the system under considera-
tion: AA-stacked and AB-stacked bilayer graphene subjected
to an electromagnetic wave (dressing EM field) propagating
perpendicularly to the graphene plane.
the conventional Floquet theory to derive the effective
Hamiltonian describing stationary properties of electrons
in irradiated BLG. In Sec. III, we discuss the dependence
of renormalized electronic characteristics of the irradi-
ated BLG on parameters of the dressing field. The last
Sec. IV contain the Conclusion and Acknowledgments.
II. MODEL
There are the two different crystal structures of BLG,
which are known as a AA-stacked and AB-stacked
BLG29,30 (see Fig. 1). Since electronic properties of BLG
strongly depends on the stacking geometry, let us con-
sider these two structures successively. For the case of
the AB-stacked BLG, its low-energy electronic states are
described by the four-band Hamiltonian29
Hˆ′AB =


0 v1pi
† 0 v3pi
v1pi 0 t1 0
0 t1 0 v1pi
†
v3pi
† 0 v1pi 0

 , (1)
where pi = ξpx + ipy, px,y is the electron momentum in
the BLG plane, ξ = ±1 is the valley index corresponding
to the electron states in the two different K-points of the
Brillouin zone, Kξ = (4ξpi/3a, 0), a is the interatomic
distance, v1,3 =
√
3at1,3/2~ are the characteristic elec-
tron velocities, t1 and t3 are the characteristic energies
2of the interatomic electron hopping in the BLG plane
and between the two graphene layers, correspondingly.
Eliminating electron orbitals related to dimer sites, the
Hamiltonian (1) can be reduced to the two-band effective
Hamiltonian29
HˆAB = −α
(
0
(
pi†
)2
pi2 0
)
+ v3
(
0 pi
pi† 0
)
, (2)
where α = 1/2m+ v3a/4
√
3~ and m = t1/2v
2
1 is the ef-
fective electron mass. The effective Hamiltonian (2) de-
scribes the most interesting low-energy electronic prop-
erties of AB-stacked BLG — particularly, massive chiral
electrons and trigonal warping29,41 — and, therefore, will
be used by us in the following analysis. To describe the
interaction between electrons in BLG and a dressing EM
field within the conventional minimal coupling approach,
we have to make the replacement, p → p − eA, in the
Hamiltonian (2), where A = (Ax, Ay) is the vector po-
tential of the dressing field. Assuming the EM wave to
be propagating perpendicularly to the BLG plane (see
Fig. 1), the vector potential can be written as
A =
E0
ω
(cos θ cosωt, sin θ sinωt), (3)
where ω is the frequency of the EM wave, E0 is the ampli-
tude of the wave, and the angle θ defines the polarization
of the EM wave: The angles θ = 0 and θ = 0pi/2 cor-
respond the two linear polarizations, whereas the angles
θ = pi/4 and θ = −pi/4 correspond to the two circular
polarizations. Then the time-dependent Hamiltonian (2)
can be rewritten as
HˆAB(t) = Hˆ0 +
[
∞∑
n=1
Vˆne
inωt +H.c.
]
, (4)
where the time-independent part is
Hˆ0 = HˆAB − αe
2E20
2ω2
(
0 cos 2θ
cos 2θ 0
)
, (5)
and the two first harmonics are
Vˆ1 =
α|e|E0
√
2
ω
[(
0 px cos(θ + ξpi/4)
−px cos(θ − ξpi/4) 0
)
+
(
0 ipy sin(θ − ξpi/4)
−ipy sin(θ + ξpi/4) 0
)]
+
v3|e|E0√
2ω
(
0 sin(θ + ξpi/4)
− sin(θ − ξpi/4) 0
)
, (6)
Vˆ2 = −αe
2E20
2ω2
(
0 sin2(θ − ξpi/4)
sin2(θ + ξpi/4) 0
)
. (7)
Applying the standard Floquet-Magnus approach42–44 to
renormalize the time-dependent Hamiltonian (4) and re-
stricting the consideration by the terms∼ 1/ω2, we arrive
at the effective time-independent Hamiltonian
Hˆeff = Hˆ0 +
∞∑
n=1
[
Vˆn, Vˆ
†
n
]
~nω
+
∞∑
n=1
[[
Vˆn, Hˆ0
]
, Vˆ †n
]
+H.c.
2(~nω)2
. (8)
To rewrite the Hamiltonian (8) in the dimensionless form,
let us introduce the dimensionless electron momentum,
p → p/(v3/α), and the dimensionless electron energy,
ε → ε/(v23/α). Then the dimensionless Hamiltonian
(8) depends only on the two dimensionless parameters,
δ1 = |e|E0α/v3ω and δ2 = v23/α~ω. Physically, the
first of them is the ratio of the period-averaged mo-
mentum adsorbed by an electron from the dressing field,
|e|E0/ω, and the characteristic trigonal-warping momen-
tum, v3/α. The second one is the ratio of the character-
istic trigonal-warping energy, v23/α, and the photon en-
ergy, ~ω. If the dressing field is high-frequency enough,
the both parameters, δ1 and δ2, are small. Correspond-
ingly, we can write the Hamiltonian as an expansion on
the the small parameter, δ1δ2 ≪ 1. Then the dimen-
sionless Hamiltonian (8) in the vicinity of the Kξ-point
(p < 1) reads
Hˆeff = HˆAB + g(p)σ, (9)
where σ = (σx, σy, σz) is the Pauli matrix vector, and
g(p) = (gx, gy, gz) is the vector with the components
gx = (δ1δ2)
2[p2y[cos
2 θ − 3− 4ξpx(4 cos2 θ − 1)− 4p2 cos2 θ]
+ p2x(5− 8ξpx + 4p2) sin2 θ − ξpx sin2 θ]−
δ21
2
cos 2θ,
gy =
(δ1δ2)
2
2
[2py[cos
2 θ + 2p2(3− 2 cos2 θ)]
+ 2ξpxpy(2 cos
2 θ + 6 + 12ξpx cos 2θ + 4p
2)],
gz =
ξδ21δ2
2
(1− 4p2)sin 2θ.
As to the case of the AA-stacked BLG, its low-energy
electronic states are described by the four-band Hamil-
tonian30
Hˆ′AA =


0 v0pi
† t1 0
v0pi 0 0 t1
t1 0 0 v0pi
†
0 t1 v0pi 0

 , (10)
where t1 is the interlayer hopping constant and v0 is the
electron velocity in monolayer graphene. Diagonalizing
the Hamiltonian (10), we arrive at the electron energy
spectrum,
ε = ±t1 ± v0p, (11)
which exhibits the two monolayer graphene dispersions,
ε = ±v0p, shifted with respect to each other by the
3twice interlayer hopping constant, 2t1. It should be
stressed that the interlayer hopping direction of the AA-
stacked BLG is orthogonal to the polarization vector of
the normally incident dressing field. As a consequence,
the dressing field does not affect the interlayer coupling
in BLG and renormalizes electronic properties of each
monolayer independently. Therefore, the effect of the
dressing field on the AA-stacked BLG can be reduced
to the known problem of dressed graphene monolayer22.
Since the electromagnetic dressing of graphene monolayer
does not lead to the Lifshitz transition, we will focus the
following analysis only on the AB-stacked BLG.
III. RESULTS AND DISCUSSION
If the dressing field is linearly polarized along the x
axis (θ = 0), the Hamiltonian (9) reads
Hˆeff = σx[ξpx + p2y[1− (δ1δ2)2(2 + 12px + 4p2)]− δ21/2
− p2x]− σy[py(1− (δ1δ2)2[1 + 2p2]) + 2ξpxpy
× (1− (δ1δ2)2[4 + 6ξpx + 4p2])] +O(δ41δ42). (12)
Diagonalizing the Hamiltonian (12), we arrive at the en-
ergy spectrum of dressed electrons near the K± point,
which is plotted in Fig. 2. In the absence of irradia-
tion, the equi-energy map shows the four electron pock-
ets near the K± point, which consist of one central
pocket and three “leg” pockets (see Fig. 2a). These
four pockets are positioned at the momenta p = 0 and
p = (ξ cos(2npi/3), sin(2npi/3)), where n = 0, 1, 2. The
dressing field distorts the pockets, shifting their position
in the Brillouin zone (see Fig. 2b). Taking into account
only the leading term of the Hamiltonian (12), we arrive
at the equation,
(δ21/2 + p
2
x − p2y − ξpx)2 + (py + 2ξpxpy)2 = 0,
describing the centers of the shifted pockets, px and
py. This equation has the four solutions: The two
ones correspond to the momenta py = 0 and px =
(ξ ±
√
1− 2δ21)/2, whereas the other two solutions are
p = (−ξ/2,±
√
2δ21 + 3/2). It follows from this that
the first two solutions approach each other with increas-
ing the parameter δ1 and merge at its critical value,
δ′1 = 1/
√
2. For δ1 > δ
′
1, the two electron pockets
corresponding to these merged solutions disappear (see
Fig. 2c). It should be noted that the total valley Chern
number, 2ξ, remains constant with the disappearance of
the two pockets. Indeed, the central pocket of the bare
bilayer graphene is characterized by the Chern number
−ξ, whereas each of the three leg pockets has the Chern
number ξ (see, e.g., Ref. 39). Under the influence of the
dressing field, the central pocket “annihilates” with one
of the leg pockets, which conserves the total Chern num-
ber. Since the “annihilation” of the two pockets changes
the Fermi topology abruptly — from the quadruply-
connected Fermi surface to the doubly-connected one —
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FIG. 2: (Color online) The three-dimensional plots of the
electron energy spectrum of irradiated AB-stacked bilayer
graphene, ε, near the band edge (top) and the corresponding
equi-energy maps (bottom) for the linearly polarized dressing
field with the photon energy ~ω = 25 meV and different irra-
diation intensities, I : (a) I = 0 kW/cm2, (b) I = 10 kW/cm2,
(c) I = 45 kW/cm2.
the Lifshitz transition takes place. It should be noted
that it is similar to the Lifshitz transition in the strained
bilayer graphene33,34. Namely, the dressing field linearly
polarized along the x axis effects on BLG similarly to an
uniform strain applied along the same axis. As to exper-
imental manifestation of the Lifshitz transition in bilayer
graphene, it leads to the pronounced modification of the
Landau levels in the presence of a magnetic field33. If
the magnetic field, B, is weak enough, the inverse mag-
netic length,
√
eB/~, is less than the distance between
the central electron pocket and the additional pockets
pictured in Fig. 2 . In this case, electronic states in the
different pockets are quantized by the magnetic field in-
dependently and the ground electronic state is 16-fold
degenerated. As a consequence, the filling factor ν = 16
appears in the quantum Hall conductance. After the Lif-
shitz transition, only two of four electron pockets survive.
This lifts the additional degeneracy and the filling factor
ν = 8 will be observed in the Hall measurements. Thus,
the Lifshitz transition leads to the possibility of optical
control of quantum Hall effect, what can be observed in
magnetotransport experiments.
In the case of circularly polarized dressing field (θ =
pi/4), the effective Hamiltonian (9) reads
Hˆeff = HˆAB + ξδ
2
1δ2
2
(1 − 4p2)σz +O(δ21δ22) (13)
and results in the dispersion equation,
ε2 =
ε2g
4
+ p2(1− ε2g)− 2p3 cos 3φ+ p4(1 + 2ε2g), (14)
where εg =
√
2δ21δ2 is the field-induced energy gap at
the K± point. Opening the energy gap, the circularly
polarized field effects on BLG similarly to the inter-
layer asymmetry induced by the gate voltage34. For
4the critical value of the energy gap, εg = 1, the term
∼ p2 in Eq. (14) vanishes and the electron dispersion
is ε = ±
√
0.25− 2p3 cos 3φ, where φ is the polar an-
gle in the BLG plane. At the Fermi energy εF = 1/2,
this dispersion corresponds to the Fermi surface shown
in Fig. 3a. The structure of the Fermi surface for dif-
ferent irradiation intensities, I, is shown in the phase
diagram 3b. The critical point of the phase diagram —
so-called monkey-saddle point35 — corresponds to the
critical energy gap, εg = 1. At this point, the Fermi sur-
face is unstable with respect to small variations of both
the Fermi energy and the irradiation intensity: It under-
goes one of the four possible Lifshitz transitions depicted
in Fig. 3b. Similarly to the case of linear polarization,
the Lifshitz transition induced by the circularly polarized
dressing field will manifest itself in magnetoconductance.
Namely, the three separated pockets at the Fermi surface
will lead to the filling factor ν = 12 in the corresponding
steps of quantum Hall conductivity. Moreover, it should
be noted that the critical point pictured in Fig. 3b is
characterized by the diverging density of states (DoS),
which is similar to the conventional Van Hove singular-
ity. Indeed, the density of states, ρ, in the vicinity of the
critical point reads
ρ(ε) =
1
(2pi)2
∫
d2pδ1(ε−
√
1/4− 2p2 cos 3φ) =
=
√
ε
9(2pi)2
β
(
1
6
,
1
2
) ∣∣∣∣ε2 − 14
∣∣∣∣
−1/3
, (15)
where β(x, y) is the beta function (see the plot of the
DoS in Fig. 3c). Since this DoS singularity leads to the
instabilities of the system with respect to arbitrary weak
interactions35, which can be observed experimentally.
It follows from the aforesaid that a dressing field can
induce the Lifshitz transitions in BLG, which depend
strongly on the field polarization. Though the Hamil-
tonians (12) and (13) were derived within the perturba-
tion theory, the claimed phenomenon is qualitatively the
same for any strength of the electron-field coupling. It
should be stressed that the exact numerical solution of
the Floquet-Magnus problem (4) leads to slightly shifted
critical points of the Lifshitz transitions but does not af-
fect their structure. As to experimental observation of
the optically induced Lifshitz transition, a source of in-
tense far-infrared radiation is required. Particularly, a
source of the dressing field with the photon energy 25
meV must provide the output power of several mW in
order to observe the effects pictured in Fig. 3. This out-
put power has been reported for the quantum cascade
lasers (see, e.g., Ref. 45) which look most appropriate
for experimental observation of the discussed effects. It
should be noted also that the absorption of the dress-
ing field might provoke thermal fluctuations of electron
gas. As a consequence, differentiation between different
topological states can be complicated. In order to avoid
this, an experimental set-up must include a high-efficient
thermostat. Since the energy difference between different
topological states pictured in Fig. 3 is of meV scale, the
thermal fluctuations should be less than 1 K. Such a ther-
mal stability can be provided by state-of-the-art experi-
mental equipment. It should be noted also that the Fermi
energy pictured in Fig. 3 can be modified experimentally
by introducing doping on the sample. However, we have
to take into account that an electromagnetic field can
be considered as a dressing field within the conventional
Floquet formalism if the collisional (Drude) absorption of
the field by conduction electrons can be neglected (see,
e.g., Refs. 7,8). To neglect the Drude absorption of a
high-frequency field in a doped sample, the well-known
condition, ωτ ≫ 1, should be satisfied. Since the doping
of the sample decreases the mean free time of conduction
electron, τ , the density of doping impurities should be
small enough to satisfy this condition. Alternatively, the
gate voltage can be used to control the Fermi energy in
bilayer graphene (see, e.g., Ref. 34).
IV. CONCLUSION AND
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FIG. 3: (Color online) The electronic structure of irradiated
AB-stacked bilayer graphene for the circularly polarized dress-
ing field with the photon energy ~ω = 25 meV: (a) Fermi
surface at the monkey-saddle point; (b) Phase diagram of the
Fermi surface topology; (c) Density of states spectrum near
the monkey-saddle point.
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